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DES INTIIONS Or 5 e*BULS 


complex variable = q+ jw 

point on s-plane selected to be a roct, r 
pole coordinate 

zero coordinate 

distance from a zero to a root location 


distance from a pole to a root location 


damping ratio = cos tan twr/err 

Uy aor = root location 

location of compensator zero to produce a 
maximum value for 2/Zd 

AiG-rerioer 

value of Wn after compensation 

location of zero which just satisfies angle 


criterion when pole is at infinity 





CHAPTER Iw Statement of the Problen, 


Comperisators are required in feeuback control systems 

to make possible the simultaneous satisfaction of static, 
Steady state, and dynamic performance specifications. 
Most compensator design procedures are based upon 
manipulation of the open loop transfer function. The 
specific manipulations usually involve trial and error 
techniques, and graphical aids are popular since they 
speed up the process of cae to an acceptable 
compensator design. Bode diagram methods set the gain 
to a value which is adequate for static and steady state 
accuracy specifications, then permit adjustment of 
dynamic performance by manipulation of the magnitude 

and phase curves to obtain acceptable phase and gain 
margains. Polar He he Nichols doe eae techniques 
also set the gain to a desired value, and adjust the 
open loop transfer function curve to establish the 
resonance peak and resonant frequency of the closed loop 
frequency response curve. The root locus ieee 
however, deals directly with dynamic performance by 
concerning itself with root locations on the s-plans. 
Compensation is designed by introducing poles and zeros 
which force the root locus to pass through a preselected 
point, and the gain is adjusted to place the root at 


this point. Since an infinite number of pole and zero 


locations can produce this result, each with a different 
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gain value, trial and error is required. It has been 
shown that compensators can be designed to place complex 
roots at selected points with a specified gain value and 
without trial and error, but requires that the gain be 


specified precisely. 


The method developed in this paper solves the compensation 
problem using a simplified trial and error method. 
Equations are developed which permit preliminary estimates 
of both gain and phase effects on the s-plane, and a 

set of curves is also provided for use in both preliminary 
estimates and final calculations. As a result of using 
these tools the initial trial is frequently quite close 

to the desired answer. The method is applicable to any 


order systeme 
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CHAPT&R II. The Root Lecus Concept 


There 21S in the iiterature detailed information coscernire 
the theory, significance, and application of seplane 

2 v o ; 4 = V6 »3 4 
techniques and, specifically, the root locus method 
No attempt can be made here to duplicate this material, 


but a basic review of the theory is appropriate. 


The Laplace transfer function of a feedback control system 
may be utilized to relate the outynut to the input of 
the system as follows (see fig. 1): 
6c (s) = kG{ ; (2-1) 
"or Srey 
where Qc{s}) refers to the system output, 
Or(s) refers to the signal input, 
KG{s) is the transfer function of the forward 
loop, 
AH(s} is the transfer function of the feecback 
path. 


KG(s) and AH(s) are rational polyncmials ins . 


The characteristic equation is obtained when the denomin- 


ator of @c(s} venishes; i.e., when 
or 


Ane GS) Oe ee (2-2) 
For systems employing unity feedback, AHis} = 1, and 
the cheracteristic equation becomes simply 

1 + KG{s) ~0 (2=3} 
To simply the dicussion, unity feedback is assured 


throughout the remainder of the paper unless otherwise 
a 
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Stated. 


The roots of the ehracteristic equation ere those values 
of s which satisfy the equation KCis} = -l. Values cf s 
represent complex numbers which may be plotted on the 
complex plane s =#+ jw. Therefore values of s which 
Satisfy the characteristic equation are located on the 


S-plane as individual points. 


Any location s =T+j“ may be represented as a vector 
Guentity having magnitude and phase angle, in which 
the vector originates from the origin and in which the 
phase angle 1S measured counterclockwise from the 
positive % axis. The guantity -l may be treated as 


a unit vector with a phase angle of 180°. 


Suppose we have a transfer function of tne form 


Rls ie OK S42 iaore 


“S(S+P, }(S+P2 ooo 
Values of s which make the denominator identically zero 
are called poles and the numerator valves are called zeros. 
These may be plotted on the s=-plane and are commoniy 


denoted by the symbols "X" for pole and "O" for zero. 


For any arbitrary point S , a term such a&S s+F, is 
then a vector quantity. All of the factors associated 
with F(s}) , except the scaler gain number K , 
Similarly may be treated as vector quantities. The proauct 
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of these vectors is 4150 4 vector, whcse magnitude 15 

the product of the andividuel vector magnitudes aru whose 
phase angle is the Pus. 35 me teed Jou! aie : 
convenience, the reference point for the vectors is taken 


from each pole and zero in turn. Fole angies are then 


positive and zero angles negative. See fig. Ko 


Since F(s) = =-1 defines the characteristic equation of 
the system, only those values of s are roots which, 

when substituted into the equation, produce a4 unit vector 
at 180°. The two requirements of phase angle and magnitude 
commonly are separated. The poles and zeros are first 
plotted on the s=plane. Then a locus of points is 
determined wnich satifies the phase angle requirements 

of 180° (or odd multiple thereof * ). This locus is termed 
the root locus, since it is the locus of all possible 
locations of the roots depending upon the value associated 
with K |. Finally the particular values of roots are 
located by rearranging the characteristic equation into 
the form 

(2-4) 


(mie 


LE s+P, | | s+P, 
Sia | © 00 





and locating values by trial and error which satisfy 


the relationship along the root locus. 


*Note that the quqntity (-1) may be represented as 


180", 1 540°, 1.900°, ete. 
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While this procedure may at first appear to be rather 
laborious, it is in fact quite easy. Certain thumb-rules 
are given in the literature which specify the number of 
root locus segments, the method for finding asymptotes 
of the root locus curves, general shapes of the curves 
to be expected, etic. In addition, the location of the 
root locus is facilitated greatly by the use of a device 
for adding and subtracting the phase angles. Particularly 
recommended is the Spirule, a simple and inexpensive 
device which permits rapid location of the root location 
on the locus and the roots with an accuracy of about 2° 


mierenelé and 5% in gaine 


There are many advantages in the root locus method. The 
roots permit the evaluation of the transient and frequency 
response. Furthermore, since the root locus is by 
definition the locus of all possible roots depending 

upon the number associated with the gain factor K , 

the effect on system performance associated with changes 
in gain can be immediately determined. Thus the root locus 


offers perhaps the best single means oft system evaluation. 


For example, suppose we desire to examine the transient 
response of a system to a unit step input. This is 
accomplished by evaiuation of the residues at the root 
locations. Or(s) for a unit step is 1 , and from the 
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Ge (s) =_KC{s) _ (25 } 
or 1 + Gs) 
we “) hy ie a a Nn 
Qc(s} eas el] % its : Wis 2 0 (2-6) 
S Sri, fooe 


where Yr,,cc.o refers to the roots of the characteristic 


equation. Therefore, 


i=j 
|, | 
§  (s+Zi} 
Bie( t= Me tet (2-7) 
S j=n 
| i (str ) 
a! 


Those roots which are closest to the origin generally 
dominate the system response. In fig. 3 is shown a 
typical configuration of roots on the s-rlane (roots 
are commonly designated by "X" as are poles). As a 
general rule, most systems do not have more than one 


pair of complex conjugate roots near the origin. 


Roots on the negative real axis produce exponentially 
damped terms in the transient response. Roots on the 
imaginary jwW axis produce undamped sinusoidal responses. 
Complex roots produce a sinusoidal damped response which 


is characteristic of a well designed servomechanism. 


Fig. 3 indicates certain quantities which may be associated 


with dominart complex roots. &n is the natural frequency 


and uwJt the transient oscillating frequency associated with 
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FIG 3 
A TYPICAL CONFICURATION 
OF ROOT LOCATIONS ON THE S-PLANE ~ 
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the dominant pairs 3 is the angle between the negative 
real axis and the line connecting the complex roots to 
the origin. Cosf8 =}, the familiar damping ratio. The 
real part of r, and r, SS; 95h ts, r is located at 


Ts; +70. 


In general, if all roots (other than the complex dominant 
roots) are at a distance from the origin 22wWn they may 
be neglected in determing the transient response since 
the time constant and/or coefficient associated with 
such roots will be small in comparison to the dominant 
roots. In this case the system behaves essentially as 
a second order system and the following relationships 
are valid: 
settling time = Lt= 4/#Wn (2-8) 
number of oscillations = 2 Wj- 4? (22a) 
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If two complex roots and one real root dominate the 
response, the system behaves essentially as a third- 
order system. If four roots contribute significantly 

to the response, the system is fourth-order, etc. 
Obviously the estimation of transient performance for 
higher order systems is more difficult than for second- 
order systems. It may be necessary in some cases to take 
the inverse Laplacian. Neverless, the location of the 
roots generally will permit a "feei" for the response to 


be expected. 
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A great deal has been written about compensation in 
the s-plane. One of the most powerful aspects of the 
s=-plane technique is the flexibility it affords in 
designing proper compensation. The method may be appliec 
to multiple loop systems as well as to single loop and, 
in fact, it is precisely in the design and analysis 
of complex systems that the superiority of the method 


over other techniques is most apparent. 


The general approach in s=plane compensation has been 
to study the effect of the root locus curves with the 
addition of poles and zeros introduced by compensating 
networks. The method proposed herein adopts a somewhat 
different point of view. This approach is explained in 


Chapter Three. 
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VHAPIi ELH Ii]. The Compensation trocedure. 


The root locus discussion in the preceeding chapter 
descrited in broad terms the response to be expected 

from system roots located at various places on the 

S-plane. The designer of a servomecanism must, in general, 
first approach the problem in the other direction; that is, 
he must place the roots of the system in such a manner that 
the system will meet design specifications. Thus there 
will be a point on the s=plane where roots are desired 

(or, more practically, there will be an area on the plane 
anywhere within which the roots will produce an acceptable 
response). The proper placement of roots will vary widely 
depending upon the system. In some cases, particularly in 
multiloop systems, the final location of roots may require 
adjustment because of additional roots near the complex 
pair. This is, however, a matter of final system adjust- 
ment. For purposes of this discussion, it is presumed 
that the desired location of the complex dominant roots 


is known. 


It has been shown that the root locus is, by definition, 
the locus of all possible root locations. Each root 
locus segment will contain one root. As gain is varied 
from 0 to ce each root will move along its respective 
locus segment from a pole to a terminating zero (or toco 


if the segment does not terminate in a finite zero). 


aioe 
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This locus, futhermore, is that locus of phase angles 
measured from the various poles and zeros which is equal 
to 180°, or add multiple, thereof. If the locus does not 


pass through the desired root location, compensation net- 


ae 
“> 


works must be added. This may be accomplished by: 

\¢) Rearrangement of existing poles and zeros so as 
to produce a phase angle of 180° at the desired 
root location. 

(b) The addition of suitably placed poles and zeros 
so as to produce a phase angle of 180° at the 
desired root location. 

(c) A combination of (a) and (b). 

That is, if poles and zeros are rearranged or added so as 
to produce a phase angle at the desired root location, then 
by definition that location will lie on the root locus. 
This does not necessarily produce suitable compensation by 
itself, since steady state requirements and other consider= 
ations must be included as well, but these additional con- 
Siderations generally may be handied without excessive 


Getta cuLty-. 


Consider first a phase lead (derivative) compensator. The 


transfer function: 


it os= ot st +1 = stZ , wnere & is a num- 
pao St+P ber less than l, Z 


is the zero of the 
compensator, P is 
the pole of the com- 
pensator. 


* In addition, of course, compensating devices may be ree 
quired to meet system requirements of bandwidth, steady- 


stete accuracy, etc. 
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Because & < 1, Z<P, and therefore the zero is closer 


to the origin than the pole. See fig. 4. 


DAG 
LEAD COMPENSATOR 
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For a position r of the dominant roots, A>B. Since 
the phase angle at r= 35 pole angles -2 zero angles, 


a lead compensator will decrease the phase angle at rf. 


For a lag compensator, the transfer function is 


Tek. = stl = stZ 
Se st+P 


In the case of a phase lag compensator, Z*>P and the 
pole is closer to the origin than the zero. The phase 
angle contribution at r will be an increase in the 


total phase angle. 


To illustrate the effects of the above concepts, Suppose 
a configuration of poles and zeros is given and a 
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desired root location is known. Suppose further that 

a phase angle of 220° is measured at r . Introduction 

of a phase lead compensator will reduce the phase angle. 
If a compensator is added which introduces -40°, the phase 
angle will be 160° and r will lie on a root locus. If 
the phase angle at r originally was measured to be 

170°, a lag network of 10° would place ron the root 


locus. 


One of the most important considerations in a system 

is steady state accuracy. For a type 1 servomechanisnm, 

the steady state accuracy is proportional to the velocity 

constant Kv . Generally Kv may be increased above 

specifications but should not be decreased.* In compensating 

Kv may be increased most readily by means of a phase lag 
compensator. This is proven in Chapter IV. On the | 
s-plane the value of Kv is quickly determined. If 

Zi, 22,006 are the distances from the origin to the 

focation of zero 1, zero 2,45., and Fil,F24%6.6. are the 


distances from the origin to the location of pole l, 


* However, since Kv is a measure of the amplification 
requirements of the system, it may not be desirable 
to increase Kv beyond the value specified. 
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foie 2,..e. and if Zaye far, oee are the @istantes from 
verom. to the roou tocation <r Letce, and Pd:,Pdz2,;<66= 
are the distances from pole 1 to r etce, then 


\V = Pee Pa, Pdz ecoLs Oe (3-1) 
few Pz eos lates 6 


se fige 5. 


FIG. 5 
DETERMINATION OF Kv 
a 
| bad 
| Z. ds oa 
\ PT 


This may be shown to be true as follows: 


The root locus gain K =_product of pole distances 
product of zero distances 


=Pd, Paz. 8 
ZO Lay 6s 


G(s) = K(s+Z, )(stzZe (3-2) 
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where Ta= » tz=l , etc. 


Ps 


a 9 C3 =e - 
Z Py P 


=k 
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To put (s+Z,) in the (stTat+l) form, it is necessary to 
multiply and divide the numerator of G(s) by Z , giving 


G(s) 2YKZ,. (st atl)(s+Z2 joe, (3-3) 
St+P, St+P 2 0e@ 


Bach term may be taken in succession, so that 


G(s) = K(s Tatl)(sT btl )o28Zi Z2 (3-4) 
sls tye Ss Ta tl lee bi Pe 


Bue = Pde Pd reas 
Za ZC tate 


G(s) = Pdi PdatieeZ: Zz 00s (S Tatl) (st b+1 ). iw 
Pi Pag: dhelenL Oi peeals Caribe heise: 


= Ky (ee at) ts 6 b+ bee (3-5) 
Slory fit Se ol ee 


The general procedure for compensation is as follows: 

(a) Plot the poles and zeros of the transfer 
function of the uncompensated system on the s-plane, 
draw the root locus, and locate the roots for the 
specified Kv (type 1 system will be assumed). 

(b) From the specifications, select the desired 
complex root location r (or area of satisfactory 
root. location). 

(c) If the uncompensated system roots are not 
satisfactory, measure the phase angle at r . 

(d) If the phase angle at r is greater than 
180°, lead compensation will be necessary. If necessary, 


se tees 





adjust Kv at r by use of a lag network (in some cases 
it may be possible to adjust Kv with a lead network, as 
shown in Chapter IV ). 

(e) Place the poles and zeros of the total compen- 
sated system in such a manner that the corrected phase 
angle at r is 180°. 

(f) IF deemed necessary, draw the root locus for 
the compensated system to locate the position of intro- 


duced roots. 


In the examples that follow, the following premises are 
made : 

(a) A desired root location r is known. 

(b) The attenuation ratio of phase lead compensators 
should not exceed 10.* 

(c) The specified Kv of the compensated system 
should not be reduced below the value given, but may 


be increased if necessary. 


*xA practical consideration in the case of lead compensa- 
tors is that high attenuation ratios produce excessive 
noise in the system. Therefore an attenuation ratio 


Pa i0 
7? 


generally are avoided. 
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Example IIT-1 


Ce 45 
s(s+10) (stl) 


Required: 
For compensated system, Kv z 2 
wn = 2, Sf = 0.7 
Solution: See fig 6a 
The root locus is drawn with the aid of a spirule and 
the root locations are determined to be s= -.25+ j2.0, 
and s= -10.5 . The desired root is located at 4 =0.7, 
ly n=2 . The phase angle at this location is measured 
and found to be 250°, and therefore phase lead compen- 
sation is required. In this case, pole cancellation is 
attractive in order to remove the pole at s= -l . 
Therefore a zero is placed at s= =-1 and the required 
P location to produce a phase angle of 180° at the 
desired root location is found by spirule to be at 


s= -3.2 . The attenuation ratio of the compensator = 


ee = See ° 
Se a 
Kes (2)(2.2)(8.7) = k2 
Ky = fe ae 
12.2) (oo) 
G(s) = 42 » (stl) 


s(stl)(s+10) (s+3o2) 
The root locus for the compensated system is shown 
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Example JI]I=2 

Same as the previous example except that Kv = 6 . 

olution: (See fig. 7) 
In this case it does not appear warranted to attempt to 
alter the pole and zero location of the phase lead 
compensator. This is due to the fact that the zero was 
chosen to cancel the pole effect at s= -l, and also 
because of the fact that Kv must be increased by a 
factor of 3. However, from root locus studies, it is 
apparent that as long as the zero remains between the 
pole at s= -l and s= -10, then the root location will 
be part of the segment originating between the two 
poles at the origin and at s= -l . The other root locus 
segment will lie along the real axis between the zero 
and the pole at s= -10 (a mental analysis of this type 
is desirable because it will generally indicate whether 
or not an undesirable root may be produced by the 
introduction of a compensator or even an unstable 
root placed in the right half plane). 


Since Kv must be raised by a factor of 3, of the lag 


i 
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Iv 


network should be =3 . By placing a dipole near the 
origin, the phase angle will be affected only slightly. 
For illustration purposes, select P=0:2, Z=0.8 .The 
zero of the phase lead compensator was selected to be 


=P oe 
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EXAMPLE JII-2 


ROOT LOCUS, 


COMPENSATED SYSTEM 
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at s= -l . The pole o1 the phase lead compensator is 
placed in a "corrected" position to produce a phase 
angle of 180° at the desired root location. The position 
feral S= =5.0 = Then 

ee ee ot ee 


Kv = 93(0.80) =646 
Oe ool lO) 


It will be noticed that the phase lag compensator ratio 
did not raise Kv by a factor of 4, but by a factor 
somewhat less. This occurs because, in adjusting the 
pole of the phase lead compensator to achieve a phase 
angle of 180° (after placing the pole and zero of the 
lag compensator), the lead compensator pole moved to 
the left. This will increase K slightly, since the 
Bore 15 farther from the root location, bub it’ woe 
have a larger effect proportionately in the determin- 
ation of 


i Vp= anes 
EF; P2 eee 


This effect will be explained more fully in the following 
chapter. 
Final compensation: 


G = (stl) e (st+0.8) 
Fs 


93 ° 
s(stl)(s+10) ie 6) (st0.2) 
The root locus of the compensated system is shown in 


figy 7/7 . 
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CHAPTS2 IV. Effects of Fassive Compensator Networks 
Om The @rror Coefficients. 


Compensation methods using passive networks have heen 
Cydxhyd 
developed by several] authors. In general mathe- 
matical formulae have been employed which express a 
relationship between a pole position and the correspond- 
ing zero location necessary to place the desired root 
location r on the root locus. It then becomes necessary 
to select arbitrarily either the pole or zero location 
and the other may be calculated. In this respect there 


is no difference between earlier methods and that 


procedure described in Chapter III. 


Heretofore no suides have established which indicate the 
optimum position at which to place either the zero or 

the pole in order to achieve maximum effect from the 
compensator section. In fact it was rot known whether 
optimum positions existed. Therefore an investigation 

was undertaken to study the effects o. role-zero location 


upon the system. 


Because of the importance of steady state accuracy in 
most servomechanism applications, the effect upon steady 
state error of different compensator configurations was 
considered to be of primary importance. Simply stated, 


the problem is this: a compensator is needed to place 
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the root locus through a desired position r . Assuming 
that a single (or a specified number of sections) is 
sufficient to accomplish this, there nevertheless remains 
an infinite number of possible pole-zero combinations 
for the section which will produce a phase angle of 
750° at r . It then becomes advantageous to know the 
effect upon system performance of different configurations 
and, specifically, upon steady state accuracy. 

6 
As a result of Chu's studies in phase angle loci and 
fain loci on the s-rplane, it may be stated that any 
open loop transfer function produces a phase angle 
and a gain value at every point on the s-plane. These 
numbers depend only on the locations of the open loop 
zeros and poles, not on the gain constant of any associated 
amplifying equipment. Certain lines on the s-plane are 
meot loci, i-e-, loci of possible roots for the closed 
loop system. All points on such loci have a phase angle 
which is an odd multiple of W . Each point on the root 
loci has a specific gain number associated with it. A 
root of the closed loop system may be moved to a selected 
point on a root locus by adjusting the system amplication 


constant until the necessary gain number obtains. 


For any point, s, , not on a root locus the phase angle 
is |G{s=_s_) and the gain number is 


N 
K =e) They E pet (4-1) 
_M 
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As shown in the previous chapter, in order to design a 


compensator such that a select point, s, , becomes a 
root w@er , it 18 necessary first of all to introduce 

poles and zeros such that for the compensated transfer 
function Ge , the angle at point s, becomes} Gce(s = s, ) = 
(2C-l)n , where C is any positive integer. This merely 

means that a root locus must be forced to pass through s,; -« 
It is also necessary that the gain be adjusted to move 

the actual root point along the root locus to s, . 

An infinite number of possible pole-zero combinations 

can satisfy the angle requirements, but for each a 
different gain number obtains at s, , and thus for each 
pole--ero combination a different error coefficient 
obtains. Since steady state accuracy depends on the error 
coefficient only certain values are allowable, and it is 


this condition that results in trial and error design 


methods. 


Assuming that the designer knows the uncompensated G(s), 
eme@ Can select..a point; |S, = Fal which 4a root 1s to pe 
located, it is a simple matter to compute | G(r) using 
either analytic or graphical methods. Assuming also a 
passive compensator with poles and zeros restricted to 

the negative real axis, the maximum phase angle producible 
by a Single section is obtained when the pole is at 


minus infinity and the zero at the origin (or vice versa) 


27 ee 





and this maximum phase angle is 


B- wae 


oan <2 
(7 = ) (4-2) 
waerem Fr = Ss; =Y¥r+ juwrs Therefore the mininum number 


| + 


of compensator sections needed to satisfy the angie 
eondition is; 


MINIMUM NO. OF SECTIONS = YF - fen (4-3) 


Pp 


The gain number, K(r), is readily evaluated, and the error 
coefficient (which does not exist at s,; =r because 
this point is not yet on a root locus but which may be 


computed formally) is found from 


A TP (24) 
x ee ed (4-L)} 
M 
SHE (Pa) 


=] 


A 
where Kx = Kp, Kv, Ka, «-. depending on the system 


type number. 


This section considers first the general concepts involved 
for any type system of any order, then considers in detail 
the second order Type One system, developing relationships 


which may be used as a guide to design. 


LiaDd SECTIONS 


The s=-plane diagram of fig. 8 may be used to study the 
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feneral case. The Gesired root location is r . The angle 
required of a lead compensator to place the root locus 
through r is the angle ) -® . The zero and pole may 

be located at any positions on the negative real axis 

as long as this angle condition is satisfied. The gain 
factor of the compensator is (er ‘TES * uhen the zero 
aS at the origin this gain is eet NIG the zero and pole 
ere moved along the negative real axis toward minus 
infinity in such a way as to maintain the angle require- 
ment, the ratio Pd/P approaches unity, usually without 
exceeding this value, and the ratio Z/Zd also approaches 
unity, but frequently exceeds unity, i.e., maximizes, 
depending on the value of 3 asscciated with the chosen 
roots points. As an approximation which provides an 

upper limit for the gain value, consider the case where 
the compensator pole is left at minus infinity and the 
zero is moved along the negative real axis. The gain 
Mactor at a selected point is snow delinedspy 4 2d, 

Since Pd/P = 1.0 . The angle criterion is met satistiecd 
because the pole location is not correct, but the required 
finite location of the pole can only reduce the gain 
factor, thus the value obtained is an upper limit for 

the gain factor of a single section. The result is shown 
on fig. 9 for f= 0.3, Osh, 0.5, 0.6, 0.7, 0.8, and the 
figure also shows the phase angle introduced by the zero. 


These values apply to any system and may be used as a 
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design guide. For a lag compensator similar results may 
be obtained by placing the zero at minus infinity and 
moving the pole. The ratio Pd/P is infinite for P 

at the origin, but drops to a minimum then approaches 


unity as P approaches infinity. 


A single example will demonstrate the use of fig.9 . 
Suppose r is on the 4 = O.7 line, and the phase angle 
at r is 285°, The lead angle required is therefore 
105°. Reference to fig. 9 indicates that the zero 
location required to achieve this lead angle is 0.5wWn. 
At this location, the compensator zero ratio is 0.75 . 
If this compensator ratio is too small a double lead 
section might be considered. In this case, each zero must 
effect one-half of the total lead angle required, or 
Pew. une zero location 15 1ound to be-at 1.251on, and 
each of the two compensators is found to have a zero 
ratio of 1.39 . Therefore the total maximum compensator 
ratio is (1.39) = 1.93 . Likewise three identical 
sections might be employed. In this case each zero must 
produce 105°/3 = 35° phase lead at r . The zero 
location is found to be at 1.6t)n, and each compensator 
has a zero ratio of 1.395 . Therefore the total maximum 


4 
compensator ratio is (1.395) = 2.72. 


The location of the compensator zero to produce a 


maximum value for the ratio 2Z/Zd may be called Zm. 
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It may be shown that 


zm = tan/¥ (4-5) 
im= 1 (4-6) 
a 
l= =g4 
Note that 


Za = foyr + (Zm - or) 


then the location of Zm is determined from 


2 2] 2 
olan cee qd wWr+(Zm = Zd) 
ad Zm dZzm 


which evaluates to Zm = wm/J 


ldm af 1-3* /3 


a 


Af ee 


Thus the maximum possible gain increase from a single 


i 


ie 10llows that Ze. 


and Zm 


section is easily computed. This gain is never achievable 
because the compensator cannot be built with the pole at 
infinity, and the value therefore acts as a guide in that 


it is an upper limit. 


If in a given case where phase lead compensation is 
required, the pole and zero are both moved along the 
negative real axis toward minus infinity so as to always 
satisfy the angle requirement, the zero approaches a 
limiting position beyond which it cannot be placed if 
the angle criterion is to be satisfied at r . Calling 
this limiting location Zu, it may be noted from fig. 8 
that with a required angle @ -cA  , 


tan(y -a) = Wor (7) 


pZej- Te ry 
oe 





Pron which 


iZut= pir +10 el tan( e-<«) mee 
tanly -c& 


Again in practice the zero cannot be located at Zi, 
and this value acts as an upper limit in guiding the 
design. If, for a given case, Zm<Z._, it is possible 
to compensate with a single section, place the zero 

at or near Zm, and obtain nearly maximum gain. If 
mn? Zi. multiple sections may be required to obtain a 


gain advantare. 


The following simple computations permit ready estimate 
of the limiting gain values at a selected point r . 
if Kx is the uncompensated system error coefficient, 
and Kxce is the compensated system error coefficient, 
then for one lead section 


Kxe = Kx/ ,/f 1- 37 (4-9) 


for two lead sections 


Kxe = Kx/ (l- 5%) (4~+10) 


tor N lead sections 

kxe = Kx/ ( a/=3 J * (4-11) 
Note that these error coeificients are upper limits. 
A similar development is possible for lag compensators. 


The curves of fig. 9 may be used for this case also. 


For a second order system certain relationships can be 
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established which may be used as figures of merit in 
selecting compensation for second order systems, and also 
for higher order systems when the selected roots may 
be considered dominant. Fig. 10 shows the root locus for 
a second order type one system, uncompensated. The basic 
transfer function is G(s) = Kv/s(st+ 1), and 
Kv = Pdo Pdi / P;} , but Pdo = Pd) =wWn, and P, = I1/¢, 
nus 

Kv = wn & (4-12) 


for the compensated second order system. 


When a second order system is compensated by a lead 
section to produce new complex roots, and the root location 
is defined by Wnc, Sc, the maximum gain at the new 


ROO, as determined irom 11¢. 4 is 


Kve = Pdo Pd; Pom  . Znm@= tone Pai (4-13) 
ela: Zdm 


(iss 

Pdi is less than Wnec, but as a first approximation let 
Faq = nce, then 
Ave ¢ mR (a 


af l-3 (4-14) 
If lh sections are to be used, then 
Kve nee ic (4-15) 
fs 3°)" 2 


“1 the required value of Kvc is known, then the 


minimum number of lead sections is 
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a ty 
N= 2 1n (G)nc C/ Kvc) (4-16) 
In (1 -~ 


In practice the number of sections may exceed N 


appreciably. 


If a desired root location can be obtained with only one 
lead section, it is certainly possible to use more than 
one section. Thus it becomes of interest to investigate 
the possibility of obtaining a gain advantage by using 
multiple sections. As a first step, note that for two 
identical sections the location of the compensator zero, 
Z2, for maximum available gain (which occurs with poles 
at infinity and without regard to angle requirements) is 


Z2 = Wn = Zm (4-17) 
: 


Since Za = a: ee 
fl Wr ae » J r) 
aie ain per section 15 22/40 4 and tor two identacal 


2 
See@esons: sues :-(25 9/70) 
| 


Maximizing co ae 
Zz z % 
d(Z2z /Zd) = d Grit (25, = an) = 0 
as adZ2z 


This evaluates to 

ee ey ae =m /¥ = Zm 
Thetis. the zero Jocation for Ni sectionsris exaeria, 
that for a single section. If two non-identical sections 
are used the theoretical maximum gain cannot be available. 
This does not prove that a gain advantage necessarily 
accrues by using multiple sections when one section can 
do the job, but it is apparent that if two zeros can be 


oe: 





placed at dm , aeni the corresponding poles remain far 
enough out on the negative real axis, then the available 
fabgeis increased by a factcr 1/ ,/ l= 57 (due to 
the second section) which may be an appreciable ad- 

vantage. In like manner, if the zeros can be kept close 


to dZm a gain advantage may be available. 


eG SECTIONS 
The lag network introduces a net positive angle at r , 
with the pole of the network to the right of the zero 


as shown: FIG 10 
L4G NETWORK 


4 


Using the same terminology as for the case of a lead 
netwerk, the Kv of a system will be altered by the 


factor Ed. sie 


rE ZL 
In its usual configuration, the lag network is essentially 
a dipole near the origin, with Zeer a | # In thic 


= 392 
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Case Zd = Fd, and wre compensator ratio of a lag 
network is Z/P .There will be little phase angle 
change at r produced by a dipole, since the angle 
contribution of Z and P are approximately equal. 
Thus the value of Kv may be changed easily by altering 


Bae ratvato7o. 4~ and Py»_\ 


The usual objections to the employment of lag networks 
must be considered.The use of a dipole near the origin 
generally will produce an additional root near the origin 
with an attendant long time constant. This root may have 
an undesirable effect upon transient performance. In 
addition, general engineering consideraticns of noise 
must be remembered. Generally lag networks are to be 
avoided; however, because they do permit the realization 
of high steady state accuracy, their use may be necessary 


in those applications where passive networks are desired. 


For example, suppose an increase inp Ky Voy awtacvonr.o. 
Piss required. Prom the preceding section it 1S apparent 
that this gain cannot readily be achieved solely through 
the use of lead sections. In this case by adopting a ratio 
of Z/P = 5 for a lag network, the necessary Kv can be 
obtained. Z = .20, P = .0O4 is a possible combination. 
Actual values can be easily adjusted to conform to 


available components. 
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LEAD-LAG N#TWORKS 

In the use of leari-lag networks, sucessive application of 
these same principles developed previously may be 
employed. A lead network is placed in a location such 
that the phase angle at r is 180°, and a lag network 
added to produce the required Kv . The lag network 
generally will have little effect upon the angle at r ; 
however, the lead network may have to be altered slightly 
after the introduction of the lag network to again produce 
a phase angle of exactly 180°. This final modification of 
the lead network should have little effect on the final 


value of Kv . 


COMPENSATION PROCEDURE 
Compensation may be designed using these relationships 
by: 

1. Selecting r , evaluating | G(r) , Kx. Estimate 
the number of sections required to satisfy the angle 
requirement, and compare Kx with the value required 
by specifications. Since the gain increase available 
from a lead section is small unless “{%0.7 (see ficwo) 
Kx must be near the specified value or lag compensation 
is required. If required insert a lag compensator to 
adjust Kx to an acceptable value and proceed with the 
design of a lead compensator . Note that this is a 
major advantage of this method; it defines the need for 


lag compensation at an early point. 


ale 
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jecetions ent check xXxc. If the preliminary calculations 
were interpreted intelligentiv Exc should Ce at or 
ebove the specifiec value, otherwise a second trial may 
ie required. 

3. Check the location of the roots introcuced by 
the compensators, and estimate their effect on the 
jyneric response. If necessary readjust the compensetor 


lesign. 


CEND2AL COMMENTS 

The principles eiscussed in this chapter make possib.ie 
rapid sclutions to problems involving servo systeris 
which may be compensated by passive networks in the 
Birect path. In audition the principles are appkicable 
to other forms of compensators as well. For exempie, 
‘srivative teedtack generally produces a zero in the 
oren-loor pole-zero configuration. Flacement of this 
zero at gm will have the same effect upon the system 
“v as will the zero of a phase lead comrensator in the 


@irect path. 


WMS teecretica. Sitits UW Rv (or on Typ, fd, Str.) may 
© ad@rraache@ cissely in actual design. Tis is Mue 
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of 10:1 produce an increase in Kv which is verv close 
to the theoretical limit. To achieve this, the zero 
position is placed slightly closer than (but very near 
oO) Che theoretical positioneilor —7Zm)4.@Mith anveuecnuacton 
ratio of 10:l, the pole will be far enough out on the 
negative real axis so thet its contribution to Kv and 
phase angle is relatively small. Thus the designer need 
only calculate the value of Kv contribution of the 
poles and zeros of the uncompensated system and the 
limiting value of a iead (or double lead, etc.) section 
to determine if compensation by lead networks alone 


is feasible. 


The following relationships summarize the principal 


CONCeEPUS 
ee aie eee 1) for a lead compensator 
J 
2e 4m = a ; the maximum theorectical gain 
2d for a lead compensator section. 


Vea = 


3. Increase in Kv produced by a lag compensator = Z/P 
provided that the lag network is essentially a dipole 


near the origin. 


4. For a second order system with one lead compensator 
AVC y Te G ee ne era 
nfl= se 
5. For a second order system with two lead compen- 


Saror sections 


Kve < Wn eye $j 
Bis 
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The following examples are given to illustrate some of 
the concepts which have been developed in preceding 


enapters. 


EXAMPLE Vel 


588,000 
s(s + oR + 600) 


Requirements: Kv not be reduced. Desired root 


Given: G(s) = 


Mocation to be-such thaterd Pr = ose 0.5 = ¥s O.7 


(see fig. lla) Lag networks to be avoided. Attenuation 
ratios of lead networks must not 10. 

Solution: Because the effect of the pole at s=600 
is negligible, the system may be considered second order. 


The uncompensated system has a_ Kv 


588 OOO ce 24,5 


va K = 2 
Eis (1) (650) 
me. Sy = Si + jw: , for Ya On7 


Kvu = (Pdo) (Pd, ) =lia/ 2 ioe 


P, Ly 
since we are neglecting the pole at s = -600. 
Or, 
2 2 
vie GC tone, = 5 2 ) = 112 
dy 


With one lead section, from equation 4-14, 


kveg iWne t = 112 = 157 
es f/f i - ahd 
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vith two lead sections, 


‘ d ve 
Kve < tine, & 


= lee = 220 
a l= AD 


Since neither of these two conditions will meet require- 


| ee 
ments, examine the root s, = %i7t j¥@z, for 3 = 0.5 





Zz ae £ 
Kvud tune © = Oy aa ee 
Ly 
With one lead section, 
2 
Kveg _G)net = Zee = 260 


rf 1-42 \ ae ae 


With two lead sections, 


Kveg Wne,t = ee = 300 
l= Ve l= “> 


The value of Kvce shown by one section would appear to 
be sufficient to meet specifications but is probably too 
close to the required value to be realized. The value 
for two sections appears to be more practical. From 


equation 4-5, 


Zm = GWn/f = 30/.5 = 60 


-L.6- 


urthermore, the phase angie at s, ={1G(s = sz) = 235°. 
Since two sections are to be used, each section must 


produce 235 = 180 = 27.5° lead. Using fig. 9 , this 
K 


occurs when the ¢ location for the compensator is at 
ae pet Cs <= 22180) = BOO wee Sh come OM mt tao 
Eevero ab. 2 = 2.2. Cone preducessam 4/20 ratio. Ol] sear 
por Gwo Sections, 

2 2 


(5) = (1.14) = 1.29 


Prom this we can calculate the maximum theoretical .v<c-: 


I 


Kve = Kvu(1,.29) Fdo Pdi (1.29) 


er 


I 


(QO (26n7 leon t= 256 
=e aie 


Actual Kv atter compensation wili be somewhat less than 
this value because of the finite poles. Because the poles 
are finite, the zero of the compensator must be placed 
eloser,Go the origin than’ -2-—= 660.50 . For a trial porn 
try <2 = Zm = 60.0. By graphical means, the pole location 
necessary to produce | G(s = sz} is 640. This produces a 
phase téad attenuation of 640/60 = 10.67, which is silmehtey 
preater than specifications permit. A second try with the 
zeros at s = 59.0 yields a pole position of 570, with a 


resultant attentlation ratio of 570750 = [7ce ~ Including 


ety = 





tne polé~ay Ss™ =000Q) the Pinal kv ais 


ts 
3 








= 10 J 2Onpulpee (a7. nO.) She 
(4) (O00 eee 2 Oy 
6 2 
Gels), = (56.0) ae Sf Stow. \ 
s(s+4) (s+600) ( S55 


The following points should be noted: 

1. The final Kve = 250 compares to the value of 
300 given by the second orcer formula, equation 4-15. 

2. The Kve = 250 is within 2.4% of the value given 
by fig. 9 . With attenuation ratios equal to 10, accuracies 
within 5% can be expected. Note that this accuracy was 
achieved even though the pole at s = -600 was neglected 
Imtake the fanal ecatculation. 

3. Even though greater compensator ratios (1/ ees st 


may be achieved for larger a locations, 


N 


Kxe = Kxu/ ( ,/I- 32 ) 


will generally be greater for smaller a locations, since 


the quantity Kxu will dominate. 


The root locus for the compensated system is shown on 


fig. llb. 
aioe 
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Giyems Gls. — 7O00U 
Sco a 35) 
requirements: Kv is not to be reduced. Jesired 
BOeOy .OCa010m, 1S) Kee = lo aj oe alae Networks ane ace 


be avoided if possible, and the attenuation of lead 
networks must not exceed 10. 
SO wc Ont, 


Kv = 7000/(10)(35) = 20 


Gel Se oP = 2o0- 


Therefore 100 degrees phase lead is needed. 


Kvu = Fdo Pd, Pdz = 2h 
Fi Pe 


Therefore the gain ratio of a lead compensator must not 


be less than 20/2), = 0.63. 


From fig. 9 , for f = 0.7, one section will not work, 
Since both the angle and compensator ratio requirements 
cannot be satisfied simultaneously. For two identical 
sections each section must produce 50 degrees lead with 

a gain ver section of »A/,834 = 0.915. From figs 9 , 

the zero may be placed at 1.25 Un, with gain ratio of 
1.39 per section. Therefore two sections should be 
adequate. To keep the gain at about Kv = 20, try a zero 
at 0.6 (jn. The zero then produces 90° leads To reduce 
the section angle to 50°, pole must be placed in the 
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goes at 1.55t) n. This ‘loes not work, however, because 
the Kv requirement is not satisfied . Try the zero at 
O.95@4n (@ = -20), the pole goes at 2.7 wn (T = -57), 
section gain ratio including the pole is %.994 and Kvce = 
24(.994)* 


pole at Q'= -47, the gain becomes Kv = 20.02, and the 


“ice? « Finally, with zero at Gi = =1o 7 tae 


compensated transfer function is 


2 
Ge(s) = 43,300(s + 19) 


s{s + l0)(s + 35)€s + 47)2 


The compensated root locus is shown on fig. 12a. The 
compensator has introduced two complex conjugate roots 
very near to the desired roots. The transient response 


is acceptaole, however, as indicated on fig. let. 


EXAMPLE V-3 

Given: G(s) as in Example V-2 

Requirements: roots at -15 + j 15, no lag compensa- 
tors, only two lead sections permitted, with attenuation 
ratios less than 10. Design lead sections for maximum Kv. 

Solution: As in Zxample V-2, 50 degrees lead per 
section is required. From fig. 9, maximum zero coordinate 
Pouae, Sis Gon. | 0 =e 7 oi Oe ces Peo cee 
attenuation restrictions Iry zero at VY = 7—=26. Pole 
poeso-at G = i=220.. Attenuation vatio 16.2207 26 = ioe, 


which is acceptable and should give nearly maximum gain. 
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The compensated system transier !lunction is 
5 
é. 
Ge(s) = 089,COO(s 26 ) 
s(s + 10}(s +35)(s + 220) * 


The maximum theoretical value is 


Kve = Kvu/(]l oo) ly ae le me ay 

A slight gain increase is possible in the compensated 
system by further manipulation until the attenuation 
ratio is closer to the maximum permitted value, 10 , 
but the further gain increase would be small. It is 
interesting to note that the gain obtained is within 


15% of the theoretical maximum. The compensated root 


bocus 15 Shown in’ tic. 13 . 


EXAMPLE V-4 


Hl 


P5000 


Given: G(s) 
s(s + 2)(s + 1O){s + 15) 


Requirements: Kv not to be reduced. Desired root 
location Wr = -10, 42 0.5. It is desired to minimize 
the number of compensating sections. 


So lutaon: 


Kv = K at 507000 = 500 
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Mipnecthe root atueger —f-f0 and —fe= G.5 


Kvu = f:do Fd, Fda Fd; =P 2o moni a7 
( 


4 eae 
Ey eee (2)(10)(5) 
Hes 


I 


The phase angle at the root is 400°. If s, is to be 
placed on the 180” phase angle locus, 220° of phase 
lead compensation must be used. Because of the high 

Kv requirement, moor locations at positions where the 
damping ratio 1 is greater than O.5 will not lend 
themselves to an easier solution. Therefore consider 


only this one location; namely, that where J = Ohaus 


If two sections of phase lead networks are used, each 
must produce 220/2 = 110° of phase lead. Reference to 
fig. 9 indicates that this occurs when the zeros are 
placed at s = .17§ Wn(for 4 =0.5). However, if lead 
attenuation ratios are not to exceed 10, then the poles 
of the leaa networks must be placed at 10(.175 Wn) = 
1.75 ton. Reference to fig. 9 shows that a pole at this 
location will produce a phase lag of 33°. The resultant 
net angle per section would be 110°- 33° = 77° Thus it 
1s quickly apparent that this method would be unsatis- 


PacCUOry. 


If three sections of phase lead compensation are used, 
each must produce 220/3 = 73.3°. If the zeros are placed 
-56- 








at a point to produce 9U* lead, then the poles can be 
ieecated at that position to produce (90 =-73.3)° = 16.7° 
lag. From fig. 9, the zero position, for 4 = 0.5, is at 
S = -.5 Wn = -.5(20) = -10; the pole position is at 

peo Nn =v 5120 = 708 


S 


The lead compensator ratio = Z .Pd = (.6) 1 = .522 


d IB ee 


NI 


per section. Since three sections are to be used, this 


ratio must be cubed, and (.522)° = .142 


Kyo = Kyu. lhe) = (215 elie) = 58.9 


The Kv requirement is still unsatisfied. An additional 
section, either lead or lag, must be added in order to 
increase Kvc to the desired value of 500. The question 
arises whether this may be accomplished by a fourth lead 
section or whether a lag section should be used. The 
answer may be quickly determined. If four sections were 
to be used, each must produce 220/4 = 55° lead. From 
fig. 9 , this occurs when the zero is placed at 

s = -l.lGJjn, with a resultant Z ratio of 1.03 . 
Under these circumstances, Kvec er be given by 


Kve = Kvu(Z/Za)" = (415) (1603)" = L167 


and this does not account for the attenuation due to 


the finite pole locations. Clearly a lag compensator 
5a 








must be used if the compensation is to be accomplished 


with lour sections. 


rrom the above, with three iead sections utilized to 
prouuce the proper phase angie at SS; , Kve = 58.9 . 
Therelore the lag compensator must produce a gain of 
500/58.9 = &@.5 . A value of 9.0 might be used to correct 
Mor any errors in calculation. To produce this gain, 


it is simply necessarv to design a dipole with 


-_ 
seiect arbitrarily a pole position of s = -U.1. a zero 
position of s = -C.9 . The zero values of the lead 


compensator are placed at the determinec. position of 

s = -10, and the pole position of the lead compensators 

are placed in the necessary position to produce the 

180" phase angle at s, . This may be done graphically 
(using the method described in Chapter III) or analytically, 
but note that the finai position will be slightly different 
than the position s = ~70 previously calculated because 

of the slightly different phase angle at the root location 
causea by the Jag compensator. This position is determinec 


to = > = ar 
fhe fina] compensation is, therefore 
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Ge(s) = Tora” oe raat 9 
s{st+Z)(stl0){s+15 BOs (Sues aL 


re = Pee OemO MG Mosler 
(2) (10) (15) (652) (1074) 


The compensated root locus is shown on fig. 14. 
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Celina Vi. Conclusions. 


1. ThisS paper shows a method "hor computing Bilects of 
compensator poles and zeros on the transier function 


pain anu phese at any selected point in the s-plane. 


2. Curves summarizing these effects have been presented 
for the case of poles and zeros on the negative real 
axis, with the selected points on ccnstant < contours 


in the left half plane. 


3. A design technique is ceveloped which permits simul- 
taneous consideration of root location specifications, 
and restriction on the type and number of compensator 


sections. 


4. wase in application of tne technique and accuracy 


Ore results have been demonstrated. 
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